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PREFACE

In studying the various topology books and other
literature concerning Hilbert Space, It is quite apparent
that topologically, it is closely relateq to Euclidean
n-space. Both are metric spaces and although HlIlbert Space
is not the product of the real line E; , taken infinitely
many times, i1ts points are defined by infinite sequences of
real numbers. Hence, we have that Hilbert Space like
Euclidean n-space is also a vector space. Topologically,
these two spaces differ in that Hilbert Space is not
locally compact, whereas Euclidean n-space is locally com-
pact. In a later theorem, It will be shown that one can
always embed Euclidean n-space In Hilbert Space by an
Isometry. The purpose then, of this thesis, Is to develop
the topological properties of Hilbert Space.

HIlbert Space obtained Its name from the famous
German mathematician D. Hilbert (1862-1943). In his works
on the theory of integral equations, Hllbert considered
some specific spaces composed of sequences (l1g) and of
functions, which were later used as models for the con-
struction of the general theory of spaces called by his
name.

In 1928, Frechet raised the general question as to
which linear topological spaces were homeomorphlc to each

Vi



other. Specifically, he asked whether Hilbert Space was

00

homeomorphic to S , where S « TT 1? , where for each
i« 1

i >0 ,1° denotes the open interval (0,1) , 1In 1932,

Banach stated that Mazur had shown that S was not homeo-
morphic to Hilbert Space. Subsequently it was understood
that the question was still open. Between 1932 and 1966,
there have been many people working to solve this problem,
with notable contributions from Kadee, Bessaga, and
Pelczynski. However, the topological classification of
separable infinite-dimensional Frechet Spaces was recently
completed, when R. D. Anderson, using some important re-
sults of Kadec, Bessaga, and Petczynski, has shown that
Hilbert Space is homeomorphic to S. Hence, all such spaces
are homeomorphic to each other. For a more complete and
detailed description of this problem and its very important
proof, see Anderson®s article, "Hilbert Space is homeo-
morphic to the countable Infinite Product of Lines," in

the Bulletin of the American Mathematical Society, Vol. 72,
No. 3, May 1966, pg. 515-19.

Most of the results In this thesis are well known,
however the proofs were developed by the author with
occasional assistance by his graduate adviser and members
of his committee. Where this is not the case, the source

has been clearly Indicated.
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CHAPTER 1
INTRODUCTION

In this chapter we shall Introduce Hilbert Space and
show that It Is a metric space. Then, using the fact that
It Is a metric space, we will define a topology for the
space, hence giving us that Hilbert Space Is a topological
space. Throughout this chapter, we will be chiefly inter-
ested in Introducing terms and results that will be of
Importance to us in the later chapters, where we attempt
the more difficult topological properties. We conclude the
chapter by showing that Hilbert Space is not the product of

the real line, taken with 1tBelf, infinitely many times.
DEFINITION 1.1 The set of all sequences {x*} of real

xﬁ < w and where the distance

between two such sequences (X~} and Cyn) 1is defined to

is denoted by E® and is known
n«l

as Hilbert Space. Such a sequence Cxp) Is known as a

point In Hilbert Space.

DEFINITION 1.2 A pair of objects (X,p) consisting of a
non-empty set X and a function p - X x X —= R 1is a

metric space provided that:



1, pXx,y) >0 fTor all X,y e X _

2. p(X,y)sO if and only if x =y for X,y eX ,

3« P (X,y) « p((y,x) fFfor all x,y eX _

4. p(x,2) fp (X,y) + P(y,z) for all x,y,z «X _
THEOREM 1.1

Ev 1s a metric space.
Proof:

Let X ® Cxn} and y m {ynl be any two points iIn

e To begin with, we would like to show that

is always convergent for

all x,y e - Consider
Cco (e0]
K -y\»>?2- 1 - 2WVvnh T Y2
00 Cco

- I "h-l-IYn—2 I Vn

applying the Cauchy inequality

00 (1] 00
n»1 n»1

thus getting



1 |51 33

n»1 n= n»1 n«l

Since X,y e E® , by definition 1.1 everything on the

right hand side of the inequality converges, thus

00
(X - w)>2<w . Therefore, for all ™ Xx,yx ES ,
n-1
P(X,y) <o -
Since the point o« (0, O, ...) isin EY , E®

is clearly non-empty, Nov/ in calculating p (x,y) , we
are always squaring the difference, adding non-negative

numbers, and then taking the square root of a non-negative
number. Hence, p (x,y) ~0 for all x,y s E& _ Suppose

that for x,y eE™ , we have that x »y , then for all
nen _ ||3 e 11/2 il ThUB'
n yl, a
n«l

P(x,y) ¢ O _ Nov/ suppose that p (x,y) » O , then
t
£ (X™ - )2 « O _ Hence, we have in the sum, the
n«l

infinite series of non-negative numbers is zero, hence,
each number of the series must be zero. Thus, for all

N , Xn « Yn Wwhich implies that x «y _ Now for each

X,y « E® , we have that

r ® cri/z r 2 Pil/2 _
pCsLy) —L 1 -Yr) B -0 (yn - *<)J — PY"X>

n«l n»1



Now let X,y,z eE® , then

co

1/2
p (-2) -LYy - Za>S)
n«sl
1/2
LE y)* <y, - Zn>>2a,

n«l

IT we now square both sices and the terms inside the sum-

mation, we will get

00 00

[P (X,2)1 — £ (X, - ¥+ £ (Yn - zZny
n=1 n»1

2 1 K -yn){nh - N> —[> <xTy>T
n=1

Cco

+p (v-2)] + 2y n -yd(Yn - Z3
n»1

again, applying the Cauchy Inequality

co

[ | <*» — Yyn><¥Yn - n>
n=1

/ \2T?2"*"~
"n"zn)Jd *

-
1

= =h
3 m<

n*I n

Thus, getting that



P(x.2)1 NP .1 +[P (v.2)1 + 2p x.y) p (¥.2)

2

»[p OGLY) + P(Y.2)j

p(x.z) £ P(X,y) + P (¥.2)

Therefore, E® 1Is a metrle space.

DEFINITION 1.3 Let X be a non-empty set and J a col-
lection of subsets of X such that

1. X and |) are members of J

2. If 01, &, - - 0n are in J

n
then 0.,e J _
J»1
3. If foreach asl , O eJ , then
U o, «J.
cut & 4

The pair of objects (X,J) 1is called a topological space.
The set X is called the underlying set and the collection
J 1is called the topology on the set X . The members of

J are called the open sets in the topological space X _

DEFINITION 1.4 Let X be some point in EvY and let
r > O _ An open sphere of radius r about Xx , denoted by
S (xX,r) , will consist of the set of all points at

distance less than r from Xx , that Isj

S,r) «{y |l PX,y) <r} _



DEFINITION 1.5 A set U 1in a metric space Is open If and
only if for each point x In U , there exists an open

sphere S (X,r) containing X such that S &,r)c U ,

DEFINITION 1.6 A set U 1in a topological space (X,Jd) s
a neighborhood of a point x if and only If U contains an

/

open set to which x belongs.

DEFINITION 1.7 A family 8 of open sets is a base for a
topology J 1if and only if, O 1is a subfamily of J and
for each point x of the space, and each neighborhood U

of x, there is a member V of B such that x e Vc U

Me would now like to establish that the set of all

open spheres in iIs a base for the topology in Ef _
This topology will consist of the collection of all sets

formed by unions and finite intersections of open spheres.

THEOREM 1.2
The family of all open spheres in E® 1is a base for

the topology J of EN

Proof:

Since Hilbert Space is a metric space, It will be
sufficient to show that the iIntersection of two open
spheres contains an open sphere about each of i1ts points.
Let x and y be two points In and let S (xr)
and S (y,r) be two open spheres about x and y of

radius r - Let zeS (xX,r)n S (y,r) , then



zcS (X,r) and z eS (y,r) - How since S (xr) 1is

open, there is some 6 > O such that S(z,51) ¢ S(X,r) -
Likewise, there exists some $> > O such that

S (z,S2) © S(y,r) - Let 5 « min. (6x, *  tiien

S (z5 e S (xXrns .nr

Now =z being arbitrary inplies that this result holds for
all points belonging to S (xr) n S (y,r) - Hence, by
definition, the family of all open spheres in E® 1is a

base for the topology J of Ew _

We would at this time like to state two properties,
seemingly unrelated to the material already presented in
this chapter, that will be of considerable importance

throughout the remainder of this thesis.

DEFINITION 1,8 The distance from a point Xx to a non-

void subset A of a metric space is defined to be

p (X ,A) « InfF {p (X,¥) jy «A } _

LEMMA 1.1

IfT A 1is a fixed subset of a metric space, then the
distance from a point X to A is a continuous function
of X relative to the metric topology. (See appendix for

proof.)



We will now conclude the chapter with the following

result;

THEOREM 1.3

E® 1s not the product space

>X{5N " Sn ""El Tor «al « «« P} e

Proof:
Let S » “~{sn S h«E1 for all nea j .-
Let X « (X, X2, - -) be any point In E® , then

clearly from the definition of E® (definition 1.1),

X eS . Now consider the set of all points

Yn« (n, n, n, - - ) TFTor all nNmnew, belonging to
00

Since for all mnew, £ y» =« , we have that
n*1

yYr " E® - Therefore, E®RC S .



CHAPTER 11
TOPOLOGICAL PROPERTIES
Separation Axioms

This chapter will be devoted to developing the vari-
ous separation properties that topological spaces may
possess. We will begin by showing E® to be a Tg-space
and then proceed to add on more demanding requirements.

The chapter will be concluded by showing that Hilbert Space
is actually a Tychonoff Space and is hence homeomorphic to

a subspace of a cube.

DEFINITION 2.1 A topological space i1s a Tyg-space if and
only if for any two distinct points a and b , there is

an open set containing a but not b _

THEOREM 2.1

is a Tg-space.

Proofs

Let a » Ca™ and b » {bnl be any two distinct

points of E® , then there exists some r > O such that

n«l
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Now construct an open sphere S (a,r) about the point a
of radius r , then certainly aeS (a,r) but

b{S (ar) - Thus, E® 1is a Tp-space.

DEFINITION 2.2 A topological space X 1is a Tx-space 1if
and only i1f each set which consists of a single point is

/
closed, that is, Tfx] 1is closed for all X « X _

THEOREM 2.2

E®R 1is a Ti-space.

Proof:

Let x » (x1 be any point of E® _ We wish to show

that Fx} 1is closed. Consider E® - {x} and let

ve (E® - {x}) - Let p((X,y) « 3r , then we can con-
struct an open sphere S (y,r) about y such that

xtS (y,r)c (E® - ¥&3}) - Hence, E® - ¢ 1is a reigh-
borhood of all of i1ts points, which implies that E® - fx}

is open. Therefore, ¥fx} 1is closed and E® is a T-"-spae.

DEFINITION 2,3 A topological space is Hausdorff, Tg , if
and only 1f whenever Xx and y are distinct points of the
space, there exist disjoint neighborhoods of x and vy -
THEOREM 2.3

E® 1s a Hausdorff Space.
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Proofs

Suppose that x « fx*] and y - ¥.1 are distinct

points of E™ , then there is some r > O such that

P (x,y) m 3*1 « Construct open spheres S.* and Sg about
X and y of radius r - Then X eS,; and y e Sg and
Sin Sy« () - To show this, let a be any point belong-

ing to Si1 , then p((x,a) < r and

pCx,a) + p(ay) >pX,y)
P(@,y) >P (X,¥) - p(x,a)
p(a,y) >3r- r® 2r

Hence a $ Sg and E™ 1is Hausdorff.

DEFINITION 2.4 A topological space is regular, if and only
if for each point x and each neighborhood U of x

there i1s a closed neighborhood V of Xx such that Vc U

THEOREM 2.4

E™ is regular.

Proof:

Let X be any point of E® , and let O be any
neighborhood of x - Then for some r > 0O, we can con-
struct an open sphere S (xr) such that xe S (x,r)c U ,
Let T « ¢ | vye ", p (X,¥y) £r/2} , then T is closed,
since p (x,y) 1is continuous and the set of points where

P(X,y) £ ris closed. Therefore, xeT e S (xr)c U _
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Hence E® is a regular space.

DEFINITION 2.5 A topological space i1s normal if and only
if for each disjoint pair of closed sets, A and B ,

there are disjoint open sets U and V such that Ac U

and Bc V _

THEOREM 2.5

E® is normal.

Proof:

Let A and B be disjoint closed sets in E® _ For
each xeE™ , let p(A,x) and p (B ,x) be the distance

from x to A and from x to B _ Let

(X)) »p (A,x) - p(B,X)
then ¥f 1i1s continuous Iin X _ Now let
Uw{x | F{x ) <OF% and V —(x | f(xX) > 0}

then U and V are open and disjoint, since Ff |Is con-
tinuous. The closure of a set In a metric space Is the set
of all points which are 2ero distance from the set. Hence,
AC U and BC V , and E"Y 1s normal.

Now since a regular Ti-space iIs a T”-space and a
normal Ti;-space Is a T”-space, we have that Hilbert Space

is also ™ and T~ _
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LEMMA 2,1 (Urysohn)

Let X be a normal space, A,B closed disjoint
subsets of X , then there exists a continuous mapping
f s x —=[0,1] such that f(A) * Oand Ff(B) » 1
(for proof see appendix).

/

DEFINITION 2.6 A topological space X 1is called com-
pletely regular if and only if for each x e X and each
neighborhood U of x , there is a continuous function Ff

on X to [0,1] such that f(xX) » O and f(X - U « 1._

THEOREM 2.6

E® 1s a completely regular space.

Proof:

Let X be any point of E® and U an open
neighborhood of x iIn E® _- By theorem 2.2, E® 1is a
T~N-space, hence, [x] 1s a closed set Iin E® - Let
Aa(x) and B » € - U , then A and B are disjoint
closed subsets of E® - By theorem 2.5, E® 1s normal.
Hence, lemma 2.1 says that there exists a continuous func-
tion ¥ - E® —>= [0,1] such that f(A) » O and Ff(B) « 1L

Therefore, E® 1s a completely regular space.

The cartesian product of closed unit intervals, with
the product topology, is called a cube. A cube is then
the set QA of all functions of a set A to the closed

unit interval Q , with the topology of pointwise, or
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coordinate-wise, convergence. Suppose that P 1is a family
of functions such that each member ¥ of P 1iIs on a topo-
logical space X to a space Y (the range may be
different for different members of P ). There is then a
natural mapping of X 1iInto the product > jF e P]
which is defined by mapping a point x of X into the
member of the product whose f-th coordinate i1s ¥f(Xx) ,
Formally, the evaluation map e is defined by:

e()f ® F(X) - 1t turns out that e 1is continuous If the
members of P are continuous and e is a homeomorphism

if, in addition, F contains "enough functions.

DEFINITION 2.7 A family of functions P on X distin-
guishes points if and only if for each pair of distinct
points X and y there is an T eP such that T(x) 4
f(y)- The family P distinguishes points and closed sets
if and only if for each subset A of X and each

xeX - A, there is an T eP such that ¥f(x) does

not belong to the closure of F(A) -

EMBEDDING LEMMA 2.2
Let P be a family of continuous functions each
member ¥ being on a topological space X into a topo-

logical space Yf¢ - Then

(a) The evaluation map e 1s a continuous function

on X to the product space XY™ |] f e P} .
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(b) The function e 1is an open map of X onto
e[X] if P distinguishes points and closed
sets.

(c) The function e 1is one-to-one if and only if
P distinguishes points.

(for proof see appendix)

Now since a completely regular T -space is a
Tychonoff Space, we see that E* 1s a Tychonoff Space.
IT we let P be the family of all continuous functions on
E®R to [O,1] , tlen the Embedding Lemma 2.2, shows that
the evaluation map of E® 1into the cube Q” is a homeo-

morphism, since

EMBEDDING THEOREM 2.7
In order that a topological space be a Tychonoff
Space It i1s necessary and sufficient that it be homeo-

morphlc to a subspace of a cube, (for proof see appendix)

In this chapter we have shown that Hilbert Space
possesses the Important separation properties. We con-
cluded by showing E”™ to be a Tychonoff Space, and hence
by the Embedding Theorem 2,7, it may be mapped into a cube

by a homeomorphism.



CHAPTER 111
TOPOLOGICAL PROPERTIES

In this chapter we shall be iInterested in showing
that Hilbert Space is a complete separable metric space,
but is neither compact nor locally compact. After estab-
lishing these properties, we will then introduce what is
known as the Hilbert Cube and show that it is compact and
that no non-empty open subset of E® 1is contained in the
Hilbert Cube. However, first we would like to look at an
important result concerning convergence of infinite

sequences In E® _

THEOREM 3.1
Given > @iInT" a2n* a3nT"* * a sec juence of'
points in E® , £&”~ converges to a— @# ag, a> - )

then 11m akn » ak and this point a 1is unique.

n—>=>»
Proofs

Given r >0 , let {x~} be a sequence of points
in E® converging to a « @i, a», a®, - _)* Then

there exists an integer N > O , such that for n > N

k«l1
16
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holds for all k - Then for each k , we have that

(®kn " ak)?2 < 1,2 or that | akn ~ ak " < r e Hence
11m - an _
n—= w
Now suppose that Ilim axn » holds for all k and
Nn—>=> ¢o
{x~"} converges to b « @®i, bg, b, - » )= Now from the
first part of the theorem, we see that for r > O , there
IBan N > O , such that for n > N, | - b I <r
for all k - Then Iim » bk TFfor each k , But, by
Nn—>=> 00
assumption, we have that ILim — ak , and since a
n—>= <&

sequence of real numbers can converge to at most one point,

we have that ax — bk Tfor all values of k _

We would now like to present an example showing that
the converse of theorem 3.1 does not hold in EY _ That
is, iIf a sequence of points belongs to , then i1t 1is
not necessarily true that the sequence will always con-

verge to a point of E® _
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EXAMPLE: Consider the following collection of points

- =J

1, 1 > @ = -

@3A (RD3A @4

X2 p - - -
()5/S (3)5/8 (4)5/8

where for each n , the exponent is determined by the

2N + 1 i
Now for all n , X~ eE® since
formula -par -
0s
1 20 <co if and only if 2p > 1
nex] 1

However, since 2"',"™1 — 1 + V.2'. we see that

2 2
Iim 2" +1 Iim 1+ 1/2" 1
VAN
n—> < hT N—= 0n
Hence lira - K_ o = but 00 and so the
n—> 00 \tL/d k»1

convergence of the coordinates In E" does not imply that

the sequence of points converges to a point of E? _
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DEFINITION 3*1 Let (X,p) be a metric space. Let {an}
be a sequence of points of X _ A point Xx e X 1is said

to be the limit of the sequence [[_ 3 1if

Ilim p(an,x) « O._
Nn—=> 00

/

DEFINITION 3.2 1In a metric space (X,p) , a sequence
t*nt of points of X is called a Cauchy Sequence if and
only if for each r > O , there is an N > O such that

P (%=%) < ¥ whenever n,ra > N _

DEFINITION 3.3 A metric space X 1is complete if every
Cauchy Sequence of points of X converges to a point of X.
THEOREM 3.2

E** 1s a complete metric space.
Proofs

For x~ m (@™, agn® **e ) be any

Cauchy Sequence of points in E* , Then for each r > O ,

there 1s an Ny > O , such that If n,m > N,
[" K*VF- I Hn-%@)crs
k»1

Hence, for each k , ©™ - a2 <r 1f n,m > Np _

Thus for each k , the sequence of real numbers {a™}

converges. Now since ¢E-j is complete, there exists an
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such that lira * at. Let a « @, az, &, - ),
Nn—=> 00
then we wish to show

00

(D. | 4<~

k»1

2). hirap(3nM3)» 0
n—= »

Let M be arbitrary and write the inequality as follows;

I <t-%"1 (o-%s+ 1 Kn-%/<r

k»1 k> 1 k»M+1

Since each of these sums is non-negative, each of them is
M

less than r _ Consequently, £ (CY% - a™)2<r .
k-1

If we take the limit as n —> o0 , we obtain

M

K ""~m)21r
kal

Since this i1nequality is valid for arbitrary M , we can

00

take the limit as M —= o0 obtaining ™ (ak - a™) <£r .
k> 1

® 172
limp (x”~.a) — lira L £ (ak - c™)2] -0
M—=> 00 M—=> o0 k«l
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Therefore, from the inequality obtained and the conver-

00

gence of the series £ aj”™ we can get the following
k-1

results;

Nakrg — akN ® -
"4-H-H

A - KmO> + 2ak > ak

L4 v - 5+ 24
2| Kn*ao22 | AN =

k*1 k**1 k*1

and since everything on the left hand side converges, we

00
have that £ a™ converges. Therefore, a « fil 1is a
k> 1

point in E® and Hllbert Space is complete.

DEFINITION 3.4 A set A is dense in a topological space

if and only if the closure of A is the whole space.

DEFINITION 3«5 A topological space is separable 1T and
only 1f there is a countable subset which is dense iIn the

space.
THEOREM 3.3

E® 1s a separable space.



22

Proof:
We will define a point of E® to be rational if each
coordinate of the point is a rational number. Let

X « (XN Xg, 33U, - _) be any element in E"Y _ For

each coordinate of Xx , there is a countable number of

rational numbers as entries, and since there are a
countable number of coordinates of Xx , the rational
points of E™ are countable. Consider, the set of all
points T such that all but a finite number of the
coordinates are zero, and those that are not zero are

rational. Given r >0, let x = <™ be any point in

CcOo

E®R , Choose N so large that £ x™N)2 < r2/2 * Now
n»N

consider all points a ¢ (an, a®, a~, - —-) iIn T such
that for n E;N . a" « O _ We wish to show that we can

find a member of T as close to X * Cxn) as we choose.
For n*1, 2, . _. , N-1 , choose ari such that
jan = X | < r/[2(N-1)]*/? _ This is always possible

since the rational numbers are dense in ., then
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® > /2
px,a) —LE (an - >
n»1

T'F <e» T <e. — /B """
n»1 n»N
N-1 >»
[i'cn-ve-i  ~
n«l n«N
N-1

<L\ rzZZ2(N-1) +r2/2] ss V
n> 1

Therefore, the rational numbers In E~ are a countable
dense subset of EY and this implies that E® 1is
separable.

Having now established Hllbert Space complete and
separable, we would like to show that it is neither com-
pact nor locally compact, hence, producing a major
topological difference between E® and Euclidean n-space.
We will introduce two different but equivalent definitions

of compactness, the first of which isj

DEFINITION 3.6 A family /j 1is a cover of a set B 1if
and only if B 1is contained in \J[A\ Aeft } _ The
family ft is an open cover of B if and only if each

member of A 1s an open set. A is a subcover of ft if

and only if Ac ft »
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DEFINITION 3.7 A topological space X Is compact if and

only 1T each open cover of X has a finite subcover.

THEOREM 3 A
Ev is not compact.

Proof:

Consider the following sequence of points

a] 0,0 = - - 0 - -=)
Xg 8 (0, 2,0, =« 50, = *=)
X3 > @1 O’ 31 - - 1—0’ - —)

#

» (0, O, O, « « «; H] = « i)

characterized by the fact that all coordinates are zero

except the n-th coordinate of x~ , which is n e
Clearly, for all values of n, 2 1Is In E* - Now for
all n , let As be an open sphere of radius r « 1
containing the point x»~ _ Then {A.} , n«1, 2, - _ ,
iIs an open covering of * However, the distance

between two points X, and x™ of (X} , where n m ,

is always
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P * tn2 + > 1

for all m and n - Hence, each member of {A,} can
contain at most one member of (X~} and since {x*} Is

infinite, no finite subcoverings of {x*} by members of

Ve

[A) will cover Ttx~} _ Therefore, E® 1is not compact.

DEFINITION 3*8 A topological space X 1is said to be
locally compact provided that for each Xx e X , there

exists at least one contact neighborhood of Xx _

DEFINITION 3.9 A subset A of a topological space S is
said to be countably compact if and only if every infinite

subset of A has at least one limit point. In A _

LEMMA 3.1

A subset T of a metric space S is compact if and
only 1T It Is countably compact.

(for proof see appendix)

THEOREM 3.5

E® 1s not locally compact.

Proofs
Suppose E® 1i1s locally compact. Then there i1s a
compact neighborhood U of the origin

O= (0, 0, O, - _-) - Choose r > 0O , such that the



closed sphere of radius r about the origin is included

in U . Let

[1v»

n» 1

N
(plj) 6 , 1 >J>1
i - jJ+ 1
let le = (*°ii) » then we set the Tollowlng family of
sequences
B, » 6, 62, 643, - -, ,6/k, - - .)
B> « (0O, 6, 6/2, _ -, &/k-1, , _
-(@, 0, 6, _-_-», Bk-2, _ <)

Now from this family of sequences that we have just

defined, we can get the following results:

26



_ . [F Vi2z]i72-
1-1

holds for each J _

(11)) 1im bij «O holds for all 1 , hence
J—>>»
—= 0 as J—= « _
But the compactness of Il requires that the sequence

(831 must have a convergent subsequence, see definition
3.9 and lemma 3.1. Also, the convergence of (Bj)
requires that the sequence (Bj) must converge to the

origin, see definition 3.1. But by (D), we have that no
subsequence can converge to the origin. A contradiction
to the hypothesis that E™ 1is locally compact. Hence,
E® 1#s not locally compact.

Having now established that E® 1is neither compact
nor locally compact, we would like to introduce the most
important subspace of EI° _ This subspace is called the
Hilbert Cube. We will show that it is conpact, hence
locally compact, since a compact space is automatically

locally compact.

27
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DEFINITION 3»1Q The subspace of E® consisting of all

sequences {x”} such that £ Zn is denoted by J®

and is called the Hilbert Cube.

THEOREM 3%*6

The Hilbert Cube, J® , 1is compact.
Proofs

Let — €I, 2, Z3n, - - -) represent any
arbitrary sequence of points such that each x™ e JO0" _
We wish to show that {x~} contains a subsequence which

converges to a point of - Consider the sequence
formed by the Ffirst coordinates of the points of {xX°} _

Doing this we get

PL ""CzII* 2127 z13* - «

where jzin] 1 for all n _ Now every infinite bounded
set in Ei1 has at least one limit point in - Hence,
there exists some a” such that Ja*j £ 1 and a

subsequence

Pl * Zh o™ Z1ag3* ==

which converges to -~ _ Now form the sequence of the

second coordinates from the members of {x~} whose first



coordinates define PM - We will then get

P2 "% N2a,* Z2a," Z2Cy = = =)

where [Jz2a j£ 1/2 for all values of 1 _ Thus, there
1

IS some a> such that ja>] £ Z2 and a subsequence

P2 =" 28/ 22S2* Z2P3T T*

which converges to az - Continuing this process Kk

times, we will get a sequence of points

Pk 18 ~kp-j/ zkpz2" zkps* = *

that are the k-th coordinates of the members of {x™
whose (k-1)-th coordinates converged to some point ak-1
such that Jakx xJ £ 1/k-1 _ Similarlly, since for all

1t Iz | £1/k , there exists some ax such that

KNI £ 2k and a subsequence
pk . %2- zk/\3' * %

which converges to - Therefore, for all n , we can

find a sequence of points which contains a subsequence



whose n-th coordinates converge to a point an, such

that 11/ -

We wish to flrid a subsequence of {x~} and show

that it converges to a point of JO _ Let us construct a
subsequence as followss choose the point X whose
first coordinate Is zian> whose first coordinate is

Z”™a and second coordinate is =z , continuing this
2 2

process, we see that the k-th point x» would have
k

coordinates &« 7 - ® -°® ,2Z" ,*ee«x)y« Thus,

we can construct a subsequence of Tx"}

=\/ *@27 T x T T X|RT -

which certainly converges to a ®

(ax, az, an™ e « # » a._  _ ) and since k was

arbitrary, we know that it holds for all k - Also, for

all n, jJau £ Zn which implies that a s Jv ,
Therefore, JO® is countably compact and hence by

lemma 1.1, JO 1is compact.

THEOREM 3*7

JO contains no non-empty open subset of EO° _



Proof:

Let T be some non-empty open subset of E® _
Suppose that Te J* and let x » &, Xg, XV, - -)

be some point of T _ Now since T 1Is open, for some

r > O , there iIs an open sphere about Xx of radius r

7

such that
S (x,r)c T cJ*

Now consider the point
y — &N Xg, ®* * , X™Mr/2, XN, _ -) - Clearly
y eS (xX,r) - Now if we go out far enough so that

1/n < r/4 then

-r/4 1 < r/4

0O < 1*n + /2 1 3r/4
hence 1/n < /4 £1* + r/2|
which implies that y \ J*° _ Therefore, T cannot be

subset of J" _



CHAPTER 1V

TOPOLOGICAL PROPERTIES

Our chief aim in this chapter will be to establish
that Hilbert Space is both locally connected and connected.
To do this we will begin by introducing the notion of a
line segnent in E , and then proceed to show that every
line segment in E* 1is connected. This last statement
will be the result of showing that every line segment in
E™ can be mapped onto the unit interval [O0,1] by a
homeomorphism. Thus, since homeomorphisms preserve
topological properties, and since [0,1] is connected,
we will easily establish that all line segments in E®
are connected. The chapter will be concluded by showing

that both E®> and J® are perfect sets.

DEFINITION 4.1 Let Xx and y be any two distinct points

in €% _ A line segment between x and y will be

given by

L (xy)- E«xax + @ - a)y fO < a £1]

LEMMA 4,1
Let L (X,y) be any line segment in E¥ _ For each
z eL (xy) the following holds
A px,2) + p(z.y) « p(X,Y)
32—



(2) There is one and only one a such that

zmax + d - a)y -

Proofx

Let X «f and y « {yn} be two points Iin Ev ,

and let L (X,y) be a line segment between them. Let

z m fz,1 be any point belonging to L (X,y) , then

b 062z) +p (zy) =L 0 K - zo)Z]Y2+ [0 (%0 - Yn)2]Y2

n«l n»1

~Clea o cayyderve

n«l

+ w K j- i —Nniv w yn>p~1/2

n-1

where Zn » ox~ + (l-a)y,,

L Z U—oK - d-a)yn)?Z]¥*t
n»1

L@, - ayn)?]s

n«l

— UL Z [*n = Yax"T

n«l

00

— Lz - yn)2]VE
n«l



[1 -y

n«l

- P(x.y)

Now suppose that p(X.,y) « r_ Let z ® ax + (F)y

and w » a&Xx + (Fag)y be two distinct points on

L (x,y) , then

p(z.w)=LCL1 (zZn - W) J
n-1

St "agn " U-ap)y,,) p-1/S

n«l

" 11/
ST (@ —agh - @ - ageipy” 7

n»1

n*»l1

hence, O<] a- & j® (I/r) p (z,w) < 1< Therefore,

for distinct points on L (X,y) , we get distinct

values of a _

DEFINITION 4.2 Let S and T be topological spaces.
S is homeomorphic to T 1i1f and only i1f there is a
one-to-one continuous mapping ¥ of S onto T such

that F''1 iIs continuous.



LEMMA 4.2
Let x and y be distinct points in EFf and
L (X,y) be the line segment between them. For
zmax + (Fa)y , the mapping ¥ - L (x,y) — [0,1]
defined by fF>xO » 1
fFH-0
Ff (@ » a for all z cL (X,y)
defines a homeomorphism between L (X,y) and [0O,1]

in -

Proof:
Obviously, from the uniqueness of a , the mapping

will be one-to-one and onto. We now wish to verify that

f and ¥-1 are both continuous. We will first show that
f 1is continuous at an arbitrary point z cL (X,y) ,
hence it will be continuous for all points of the line
segment. Let p((X,y) *¥r then given a >0 , let

6 a m and suppose that z = C#1 w 83 are

points of L (X,y) such that p (z .,w) <6 , then

hence, ja - aqo | <6/r - Therefore,



jF(z ) - T@W) ] <« a ~ ag j< 6/r « a which implies
that f 1is continuous at z - Hence, T 1is continuous
at all points of L (X,y) -

Now, to show ¥="1 continuous. For a > O , choose

5 «afk , Then if ja - ag |] <5 , letting T¥F'i(ct) « z

and f_lcao) «w we have that

om 1/2
p(F-1(a) , Fi(ao)) » P (zW »L £ (zZn - W)
n*I
2-1/2
IR CEE B - >

n«l

<6r « a

which implies that f"*1 is continuous at a , hence
continuous at all points of [0,1] since a was

arbitrary. Therefore, ¥Ff is a homeomorphism between

L (x,y) and [O0,1] -

DEFINITION 4,3 A point X 1is an accumulation point of a
subset A of a topological space X if and only if
every neighborhood of X contains points of A other

than x ,

DEFINITION 4,4 A subset A of a topological space X is

closed if and only i1f it contains the set of iIts
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accumulation points. The closure of the subset A will
be denoted by X , and is A together with all of its

accumulation points.

DEFINITION 4.5 Two subsets A and B are separated in

a topological space X if and only if 3Tfl B and A n ff
/

are both void,

DEFINITION 4,6 A topological space X 1is connected if

and only if X 1is not the union of two non-void separated

subsets of X _

LEMMA 4.3

All line segments in EY are connected. If L (XVy)
Is a line segment between two points X and y , where
X and y are points of some open sphere, then L (X,y)

is contained In the open sphere.

Proof:

Let L(X,y) be any line segment in E® _ By
lemma 4.2, we can define a homeomorphism between L (X,y)
and [O,1] - Since [O,1] 1Is connected and homeo-
morphlsms preserve topological properties, L (X,y)
Is connected.

Now let p » {ml be any point of E® and S (p,r)

be any open sphere of radius r about p - Suppose that
X and y are points in S (pr) and L (X,y) the line

segment between them. Let 2z be any point on L (X,¥y) ,
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then
r c -, 1/2
p (P,«) =L A <Pn* zn> ]
n=1
I 2-1/2
<Pn "" «n " U-a>yn> _
n*1
211/2
N APn ~ ) T (2 (Pn ~
n=1
r 2 ﬁf1/2 r 2, -211/2
12 1 (Pn = xn> + - L K ~vyn> _

n=1 n-1
» op (p.x) + (Fa)p (p.Y)
£ar + @-a)r *r _

Hence, z eS (p,r) for all zelL (x,y) , thus
L (x,y)e S (p,r) -

DEFINITION 4.7 A topological space X 1Is said to be
locally connected at a point p 1i1f and only if given any
neighborhood U of p » there exists a connected
neighborhood V of p such that Vc U . The space X
iIs said to be locally connected if and only if it is

locally connected at each of i1ts points.

Having now shown that all line segments in Hilbert

Space are connected, we will employ this property of line



segments in E® to show that E® is a locally connected
space, from which connectedness of E® follows very

readily.

THEOREM 4.1

E® 1is a locally connected space.

Proof:

Let p be any point in E® and U be some
neighborhood of p - For some r >0 , we can find an
open sphere S (p,r) such that pcS (p,r)c U _
Suppose S(p,r) 1is not connected, then there are disjoint
separated open sets A and B of S (p,r) such that
AUB » S (p,r) - Let A be such that ps A and
geB - Let L (p,q) be the line segment between p
and q - Let C=» An L (p,g) and D —-B n L (p,q) -
Then Cfl D «] and no point of C can be a limit point
of D . Likewise, no point of D can be a limit point
of C, since A and B are disjoint and separated.
However, L (p,gq) * C U D which implies that L (p,q)
must not be connected, a contradiction by lemma 4.3.
Hence, S (p,r) must be connected and since open spheres
in E® are neighborhoods, we have that E® 1is locally

connected.



LEMMA 4.4

Let 8 be a family of connected subsets of a topo-
logical space. If no two members of 8 are separated,
then U fB IB e 8 ) is connected.

(for proof see appendix)
THEOREM 4.2
E*" @s a connected space.

Proof:

Let T be the family of all open spheres centered

at the origin in E® _ That 1is,
T=]S O0,rD] r>0 and O« (0O, 0, O, ...} *

By theorem 4.1, each member of T 1is connected and since

for ™ < r2> , we have that

S(0O,™MNc S (O,r2)

Thus, no two members of T are separated. Therefore, by
lemma 4.4, we know that U {s O,r) ] S (,r) eTjJ is

connected, and since the union of all open spheres

centered at the origin is the space E® , that is
UCS (O,rD 1 S (O,r) s t} « Ti®

we have that EWY 1iIs connected.
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Having now established that is both locally
connected and connected, we would now like to iInvestigate

the possibility of EY and J® being perfect sets.

DEFINITION 4.8 A set S 1is dense in lItself if and only

if each point of S 1is a limit point of S _

DEFINITION 4,9 A closed set which is dense in itself is

called perfect.
THEOREM 4.3
E® 1s a perfect set.
Proof:
Let ymy™ y2, Y, - -.) be any point of E®
and S (y,r) be an open sphere of radius r about vy .

Consider the following family of points

<« (Yx, Y2 + ¥/2", y3, - . .)

Each of these points is a point of EY and p(y.Xn) < r

for all n _ Hence, for all r , there is at least a
point of E® other than y in S (y,r) - Thus, since
y was arbitrary, each point of E™ 1is a limit point of
Em™ _ Therefore, E® 1is closed and dense in Itself which

implies that E® 1is a perfect set.
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THEOREM 4.4 (Borel-Lebesgue Theorem)
A set K 1Is closed and bounded if and only if it is
compact.

(for proof see appendix)

THEOREM 4.5
is a perfect set.
Proof:

By theorem 3.6, J® 1is compact, hence by theorem

4_4, J® is a bounded closed subset of E® . Let

YV « (x> Y2, ¥, - -) be any point of J¥ _ Choose
some 'y, then | Y j§wI/n - For convenience, we will
choose n»3 , Iy s 1 11/3 - Now choose r such that

Jy» + r l< 1/ 3 and consider the following family of

points

Cxnl — (y-L, Y2, Y8 + r/n, ya, - )
where n « 1, 2, 3 - - ., then certainly {xn} e J®
and p < r * Hencex every open sphere about vy

of radius r will contain points of J'© other than vy _
Therefore, y 1is a limit point of JY _ Since y was

arbitrary, every point of J® 1is a limit point of J° _

Thus, J¥ 1is a closed set and dense in itself, hence

J® i1s a perfect set.



CHAPTER V

RELATIONSHIP OF HILBERT SPACE
TO OTHER METRIC SPACES

Here we will be interested in developing various
metric spaces and showing how they are related to E< _

It will be shown that Euclidean n-space, denoted by En ,
is homeomorphic to a subspace of E¥® , and that the
mapping between E, and the subspace of EM 1is an

isometry. Probably the most important feature of the
chapter is that it will be proved, that every second
countable regular Hausdorff Space is homeomorphic to a
subset of J%V _
THEOREM 5.1

Let W be the set of all sequences {x™ of real
numbers such that for all n , O £x, £ 1 _ Then, if

X « &n] and y « Cyn) >denote points of W , the

mapping ¥ sW X W —>= R defined by
03

FGLYy)— £ 2™ jXn = Wa l
n>» 1

is a metric for W _



Proofs
Obviously, W 1is non-empty, since the point

O« (0, 0O, O, - - ) 1Usin W _ Now, for all points x
and y in W , since 2~" j -y | =O for all n ,

we have that f (X,y) ™0 , Suppose that F (xy) » O,
then

00

o LN - o

n«l

however, this holds if and only If X, « y, Tfor all n ,
since | X» — yw |= O for all n _. Conversely, if
Xn « Yo For all n , then | x» - ww ] =O holds for

all n , and consequently f (X,y) « O _ Consider, now

for all x,y eW ,

(00] CO
TX,Yy) « £2-"1 XM =y | « £2" | yn - X% | — F(y,.X)
n*I n=I1

also, for all x,y,z «W

co Cco

f(x,z) _ 2IInI /\l_ Zn I _ l Dwun VT yl'l -+ yn e Zn 1
n«l n«l

~ gzt o*n - + 1 yn - 2n O
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n«l n«=

» F(x,y) + Ky.2)
Therefore, ¥Ff(X,y) defines a metric for W _

THEOREM 5.2

The set W with the metric F [Is homeomorphlc

to JiI" _

Proof:

For X « &N, X2, X*> _ _ _) 1n ., let F be

a mapping of JI© into W as follows

1 - nXn
F(xn) > i S8 W
n
where w « (W, Wg, w», - _ ) 1is in V/ _ Then what we
have is a mapping of x —= w _ Now let
a > Eg) 33, * * -) and h = AAL*x NAD*x NAQJ* % o * )

be two points J¥ such that a —= p and b —> p

where p e W . Then for each n

1 - ng" 1 - nbri
P

a ob
n n



Hence, a » b and thus P 1is one-to-one. Now consider

the following mapping

1 - 2w
G(wn)— m X

for w « w2, W, - _) iIn W _ This mapping

carries w —> x and i1s likewise one-to-one. Thus,
if we set G(wn) »P""1(w,) we will have that P is an
onto mapping, since it is invertible.

We now wish to show that P 1is continuous. Given

a>0 , let a «fa,} be any point in J® with image

p = in W _ Choose

I n/2«*1
n«l

> 1/2
Then whenever p (a,x) r' K] aén - xn)ZJJ / <s
n«=1

CO

we have that f (p,w) = £ 2-n ] Pn — Wq i

n

n«l

00
1 ,21+ri ®n "" *n|

n«l



Cco
Now, since £ (a@n - X)? <«

n-1

we know that for each

(an - X2 <82, hence, | 2 - *n <6 = Therefore,

K dstr " <X pisr *a

n=si n»1 K n/2n+1
n*I
Hence, F 1is continuous at a eJw

and since a was

arbitrary, F 1is continuous at all points of

Now we wish to show that F is continuous.

Let p « Cpn) be any point of W with image a « Bn]

in - Let o > 0O be given. For each n , choose
2
62 =
i 22n+2
T

n» 1

00
then whenever Tf(p,w) = ™ 2~"j Ph - W, j< 6

nasi

00

1/2
£ (ah = 72
nasi

[ I .. -

n*al

we have that p (a,x) —



Now, since £ 2~ | P, - W, I< 6 we have that Ffor
n«l

each n, Jpn- Wl <2216

Thus, (pn - Wh)2 < 227762 and

Hk [ 22
L <Pn "* < I
n*1 n>»1

(60]

S5

,2n+2

n«l

Therefore, we have shown that F~I is continuous at

peW , and since p was arbitrary, F is continuous

at all points in W _ Hence, W with the metric Ff 1is
homeomorphic to J" «
DEFINITION 5.1 1f (X,p) and (Y,0) are metric spaces,

and if ¥ 1is a mapping of X onto Y , then f 1is an

isometry 1f and only if

P (x,y) « a )., T(Y)) -

THEOREM 5.3

Each Euclidean n-space can be embedded in E~

Proofs

Let X » &x, Xg, - - -, X™) be some point of E, -
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Let ¥ be a mapping of E, 1into E® , which carries

the point x of E, into the point

X B Xgj = = » t Xjji o# - e %)

Let
S«{x" « Xiix2M._,Xn30,0,M.)] ~— <= for all m > n}

then, T defines a mapping of Ef onto S , which is a
subset of E® , Let a be the distance function on Ej,

and for x,y eEn, , let

a LY LT ¢ - yJs]pv=
m«1

Now consider

p (FOA.FO) - P OGNYyD L E G - ¥ N

mwl
-tf <*.->. /e
m«l n*«n+l
1 -2 b
m*»1
since for all m=n, « Ym» O _ Thus, T 1s an

isometry between En and S _



DEFINITION 5.2 A base for the neighborhood system of a
point x , or a local base at x , 1is a family of
neighborhoods of x such that every neighborhood of

X contains a member of the family.

DEFINITION 5.3 A topological space X , which has a
base $ , which is a countable family, is said to

satisfy the second axiom of countabillty.

DEFINITION 5.4 A function f on a topological space X
to another topological space Y 1is open, If and only IF,

the image of each open set Is open,

DEFINITION 5,5 A topological space is said to be
completely normal, if and only if, every one of Its

subspaces is normal,

LEMMA 5.1

Every regular space with a countable basis is
conpletely normal.
(for proof see appendix)

Now that we have assembled these definitions and
lemmas, we are In a position to assault the most
important result of this chapter, which is stated as

the next theorem.
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THEOREM 5_4%*
Every second countable regular Hausdorff Space X

is homeomorphic to a subset of the Hllbert Cube,

Proof:

Let B» fB; J 1 — 1, 2, 3, - -1 be the

7/

countable basis of X . By lemma 5.1, X is normal,

and from the regularity of X , there are pairs of

elements of 8 such that F.cC - Since 8 is

countable, the collection of all such pairs is again

countablej let us call it

P*{PNjn>» 1, 2, - « .}

where Pn « (b* , BJ) and b C b" . Now clearly B*J

and X - B" are closed and b t (X - b)) « , hence

by lemma 2.1, a mapping

f - X —>=1]0,1] can be defined

such that W X = Bj)e*1 , Finally,

define f - X —= J" by

*John D. Baun, Elements of Point Set Topology. Englewood
Cliffs, New Jersey: Prentice Hall Inc., 1964. Theorem
No. 5.1.3, PP. 129-130.
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T &0
(X)) —iL—f@nail, 2,3 r»e =

since for each x , O Ff,() &1 , (X)) e J® _

First we wish to show that ¥ 1is one-to-one. Let
X Ny , since X is Hausdorff, there exists open sets,
which we may choose as basic sets B, B such that
xeB and y eb®"™ and B Hb" —F _ Further, since
it

X 1s normal, there exists B e £ such that

<~e b"CcF c¢cB , then x €S*" and y e X - B and the

pair (Bft .B) eP ., that Is, for sone n , (B .,B) «

(8~ , Bj) - Thus,

£, -f.@B —-F,,(B") -0

fn(y) — fFn<X — Bj> — fn<X - B) — 1

therefore, f(XX) * ®y) , since T(x) differs from
f(y) at the n-th place.

Now we show that F 1is continuous. Let x e X

and let a > O _ We wish to construct U e Ux , the

neighborhood system of X s X , such that for any y e U

p(F(x),F(y)) < a to JV

First, since for any point yeX , 0 < fo(y) 1>

we have that



| fh<*> "" fn<y> |

CO

The infinite series ~ [1/n2 converges, so that for
n*»|

sufficiently large N

00

£ I/n2 < c2/2
n*1

whence

fIf-  pam)¢ | e«

n«N

Now let k < N , then the function " - X —> [0,1]

is continuous, thus there is a T e Ux such that for

y« Ok

1RO I < [2(NtoI»VA

| MX> - Tk<y) 12 _ az

2 2(n-1)

Now let U « U U. , then for y eU



XOATe0Q S FOD F E L TRW - () B

T
n-1 n n#»l n
P e - w12
+ I myw
n»N n

< (N-D)g,? ~cd _ g2
2(N-1) 2

Hence, p (F{x),f(y)) < % which implies that F 1is
continuous.

Finally, we must show that T 1is an open mapping.-
Let TJ be open in X and let x e U , then there

exists B.T_,B’J\ s 8 such that
X BrcBicBscU

by the normality of X and the fact that ft 1is a basis,

Thus, the pair (B:,Bj) belonging to P , say

@G B8j) - (B' ,B"Y) - Then
f) —-f.Bj) -0
and since X - U c.X - Bj
f.X-UW-Ff,X-BD)-1

so that for y « X - U



p (FOX),.F(Y)) —

Let V » S (f&),1/n) be any open sphere about ¥f(X)

of radius 1/n _ If z eV then p(F(x), z) < 1A
and ¥-~z) eU , Tfor if not, then ¥f"ss) e X - U and
p (F(x), F(F-1(2))) > V/n , a contradiction. Thus

f"i(V)c U and x eVc F(U) , Whence, F(U) Is open

since It contains a neighborhood of each of i1ts points.
Consequently, we have proved that ¥f 1Is a one-to-one

continuous open mapping, hence ¥ [Is a horaeomorphlsm,

DEFINITION 5,6 The diameter of a subset A of a metric

space (X,p) 1is
sup fp (x,y) ] xeA and y cA}

Using this definition and some intuitive reasoning,
we would now like to determine the diameter of the
HUbert Cube.

THEOREM 5.5

The diameter of J® 1is



Proof*
Consider the following two sequences X = CI/n}

and y » t-1/n] - Clearly, X and y are members of

J® _ Now, for each n , these points of J% represent
sequences that are at maximum distance from each other.

Hence, X and y are at maximum distance from each
other in J%® and the distance between them will be the

diameter of J® _

PXX,Y«<L £ (I/n - (-I/N))] ™ «[ £ k/nI~
n«l n«l

If one now considers the Fourier Series for Ff(X) » X

on [-7r,ir3 we get

X2 _ 4+ 41 t-~)n

let XxXmr , then

TT2 m + 4 £ 1/n2
n«l

G O

n«l

Therefore, p (X .,y) «



APPENDIX

The following is a list of lemmas and theorems that

appear in this thesis without formal proof.

Below each

such lemma or theorem is the location of the proof, if the

reader desires such proof.

Since all books appear in the

List of References, only the name of the author, theorem

number, and page are given below.

1.

Lemma 1,1
Kelley, Theorem 4.8, pg. 120.

Lemma 2.1
Baum, Lemma 5.12, pg. 127.

Lemma 2.2
Kelley, Theorem 4.5, pg. 116.

Theorem 2.7
Kelley, Theorem 4.7, pg- 118.

Lemma 3.1

Hall and Spencer, Theorem 14,6, pg-

Lemma 4.4
Kelley, Theorem 1.21, pg- 4.

Theorem 4.4
Hall and Spencer, Theorem 7.8, pg-

Lemma 5.1
Baum, Theorem 3.24, pg. 88,
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